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Abstract. Not every singular homology class is the push-forward of the fundamen- 
tal class of some manifold. In the same spirit, one can study the following problem: 
Which singular homology classes are the push-forward of the fundamental class of 
a given type of manifolds? In the present article, we show that the fundamental 
classes of negatively curved manifolds cannot be represented by a non-trivial prod- 
uct of manifolds. This observation sheds some light on the functorial semi-norm on 
singular homology given by products of compact surfaces. 



1. Introduction 

As manifolds form a particularly accessible class of topological spaces, it is natural 
to ask which classes in singular homology with Z-cocfhcients are the push-forward of 
the fundamental class of some manifold; indeed, not every singular homology class is 
such a push- forward [10; Theoreme 3]. In the same spirit, one can study the following 
more restrictive problem: Which singular homology classes are the push-forward of the 
fundamental class of a given type of manifolds? An interesting type of manifolds in the 
context of functorial semi-norms on singular homology [4; 5.34 on p. 302] is products of 
compact surfaces. 

Definition (1.1). Let M be an oriented, closed, connected manifold. We say that 
the fundamental class of M can be represented by a product of manifolds, if there 
exist d £ Z \ {0}, r S N>i, and oriented, closed, connected manifolds Si,...,S r of 
non-zero dimension admitting a continuous map f: Si x • • • x S r — ► M such that 

#„(/;Z)([Si x ••■ x S r }) =d- [M]. 

Gromov suspected that most interesting homology classes such as fundamental 
classes of irreducible locally symmetric spaces - cannot be represented by products of 
manifolds [4; 5.36 on p. 303f]; in the present article, we confirm this anticipation, at 
least in the case of manifolds of negative curvature: 

Theorem (1.2). Let M be an oriented, closed, connected, smooth manifold that admits 
a Ricmannian metric with negative sectional curvature. Then the fundamental class 
of M cannot be represented by a product of manifolds, let alone by a product of surfaces. 
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In particular, wc obtain that the functorial semi-norm given by products of compact 
surfaces [4; 5.36 on p. 303f] is infinite when evaluated on the fundamental class of an 
oriented, closed, connected Riemannian manifold with negative sectional curvature. 

In order to prove Theorem (1.2), we assume that the fundamental class of M can be 
represented by a product of manifolds and lead this assumption to a contradiction by 
studying the corresponding scene on the level of fundamental groups. Roughly speaking, 
the source of this contradiction lies in the tension between 7ri (M) being a complicated 
group (because M is negatively curved) and tt\ (M) being too commutative (the images 
of the fundamental groups of the factors commute in tti(M)). 

In fact, we present two directions of generalisations of Theorem (1.2) in Sections 1.1 
and 1.2 below, and establish Theorem (1.2) as an instance of these more general state- 
ments. 

1.1. Irrepresentability — aspherical manifolds. The first generalisation applies to 
a larger class of aspherical manifolds and provides an obstruction to representability by 
a product of manifolds in terms of group theory; in order to formulate the statement, 
we introduce the following conventions: 

Definition (1.3). 

- Let C be a class of groups. We say that a group G has centralisers in C, if for 
every element g <= G of infinite order the centraliser Cq (g) lies in C. 

- A class of groups is a class with products, if it is closed under taking subgroups, 
quotients, and finite products. O 

Theorem (1.4). Let M be an aspherical, oriented, closed, connected manifold whose 
fundamental class can be represented by a product of manifolds. If the fundamental 
group of M has centralisers in a class C of groups with products, then the fundamental 
group of M contains a subgroup of finite index lying in C (i.e., m (M) is virtually in C). 

1.2. Irrepresentability manifolds with positive simplicial volume. For the 

second generalisation, we trade the asphcricity condition for a suitable hypothesis on 
the simplicial volume, an invariant unaware of higher homotopy. 

Theorem (1.5). Let M be an oriented, closed, connected manifold with non-zero 
simplicial volume whose fundamental group is large and has amenable centralisers. Then 
the fundamental class of M cannot be represented by a product of manifolds. 

We now explain the occurring terminology in more detail: 

Definition (1.6). A group is large, if it contains an clement of infinite order. O 

Recall that a group G is called amenable if there is a left-invariant mean on the 
set B(G, R) of bounded functions from G to R, i.e., if there is a G-invariant, linear 
map m: B(G, R) — > R with inf 3<EG f(g) < m(f) < sup geG f(g) for all / G B(G, R). 

Every finite, every Abelian, and every solvable group is amenable. The class of 
amenable groups is closed with respect to taking subgroups, quotients, and extensions; 
in particular, the class of amenable groups is a class with products in the sense of 
Definition (1.3). The group Z * Z is not amenable. A thorough account of amenable 
groups is given in Paterson's book [9]. 
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For a topological space X and a class a G iffc (X) in singular homology with R-co- 
efficients, the ^-semi-norm of a is defined by 

1 1 ck 1 1 -j_ := infjUcjlj | c G Ck [X) is an R-cycle representing a}; 

here, for a singular chain c = X^=o a i ' a i e (-^0> we wr i* e ll c lli : = Sj=o l a il- 

The simplicial volume is an example of a topological invariant defined in terms of 
the ^-semi-norm [2; p. 8]: The simplicial volume of an oriented, closed, connected 
manifold Af is defined by 

||M|| := |[[Af]a||i = inf { 1 1 c 1 1 x | c G C* (AI) is an R-fundamcntal cycle of Af}, 

where [M]r G ff* (M) denotes the image of the fundamental class [AI] G if* (Af; Z) 
of Af under the change of coefficients homomorphism ff* (Af ; Z) — ► if* (Af ). 

The simplicial volume of spheres and tori is zero; on the other hand, the simplicial 
volume of oriented, closed, hyperbolic surfaces S equals 2 • \x{S)\ [2; p. 8f], and more 
generally the simplicial volume of closed Riemannian manifolds of negative curvature is 
non-zero [6, 11]. 

The simplicial volume of oriented, closed, connected, locally symmetric spaces of non- 
compact type is non-zero [8]. Therefore, if it were known that the fundamental groups 
of oriented, closed, connected, irreducible locally symmetric spaces of non-compact type 
have amenable centraliscrs, one could apply Theorem (1.5) also in this case. 

As an indication of the applicability of Theorems (1.4) and Theorem (1.5), we mention 
the class of word- hyperbolic groups (cf. Section 2.1). 

Organisation. This article is organised as follows: In Section 2, we derive Theo- 
rem (1.2) from the more general statements in Theorem (1.4) and Theorem (1.5). The- 
orems (1.4) and (1.5) in turn are proved in Section 3. 

Acknowledgements. I would like to thank Wolfgang Luck for clarifying discussions. 

2. Deriving the negatively curved case 

To show that fundamental classes of negatively curved manifolds cannot be represented 
by products of manifolds (Theorem (1.2)), it suffices to establish this statement as a 
special case of Theorem (1.5): 

2.1. Word-hyperbolic groups. The notion of word-hyperbolicity is a group-theoretic 
analogue of negative curvature introduced by Gromov [3] . For example, fundamental 
groups of oriented, closed, connected Riemannian manifolds of negative curvature are 
word- hyperbolic by the Svarc-Milnor lemma [5; Section V.D]. 

Remark (2.1). 

- Word-hypcrbolic groups have amenable centralisers: Let G be a word-hyperbolic 
group. If g G G has infinite order, then the subgroup of G generated by g has 
finite index in the centraliscr Ccig) [1; Corollary 3.10 on p. 462]. Therefore, 
the group Cc{g) contains a normal, infinite cyclic subgroup of finite index and 
hence is amenable [9]. 

- All infinite word-hyperbolic groups are large in the sense of Definition (1.6) 
above [1; Proposition 2.22 on p. 458]. 
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2.2. Proof of Theorem (1.2). Using the facts on word-hyperbolic groups listed above, 
we can show that fundamental classes of negatively curved Riemannian manifolds cannot 
be represented by products of manifolds: 

Proof (of Theorem (1.2)). Because M is an oriented, closed, connected, smooth mani- 
fold admitting a Riemannian metric of negative sectional curvature, Thurston's straight- 
ening technique shows that M has non-zero simplicial volume [6, 11]. 

By the Cartan-Hadamard theorem, M is aspherical; in particular, ni(M) is torsion- 
free and we may assume that 7Ti(M) is non-trivial; hence, 7Ti(M) is large. Moreover, the 
fundamental group of M is word-hyperbolic by the Svarc-Milnor Lemma. Therefore, 
Remark (2.1) shows that iri(M) has amenable centralisers. 

Applying Theorem (1.5) to M yields that the fundamental class of M cannot be 
represented by a product of manifolds. □ 

3. Proof of Theorems (1.4) and (1.5) 

In this section, we prove Theorems (1.4) and (1.5). After introducing the relevant 
notation, we collect in Section 3.2 a number of observations on the obstructions to 
representability by products on the level of fundamental groups. In Section 3.3, we 
conclude the proofs of Theorem (1.4) and (1.5). 

3.1. Notation. For the remainder of this section, we assume that M is an oriented, 
closed, connected manifold whose fundamental class of M can be represented by a 
product of manifolds and whose fundamental group has centralisers in a class C with 
products. Combining multiple factors we may assume that the fundamental class of M 
can be represented by a product of two manifolds, i.e., there are d 6 Z \ {0}, and ori- 
ented, closed, connected manifolds Si, S 2 of non-zero dimension admitting a continuous 
map / : Si x S 2 — ► M such that 

H n (f;Z)([SxxS 2 }) = d-[M), 

where n := dim M; in particular, dim Si + dimS2 = n and deg/ = d. Notice that 
n = dim M > because the fundamental class of M can be represented by a product 
of manifolds. 

In the course of the proofs, we use the following abbreviations: 

- We choose base-points si G Si and s 2 G S2, and set m := / (si, s 2 ) G M. In the 
following, all fundamental groups are taken with respect to these base-points or 
base-points deduced from these in an obvious way. 

- We write 

fl ■= /ls lX { S2 }: Si x {.s 2 } — ► M, 
h ■= /l{si}xs 2 : { s i} x ^2 — > M. 

- Correspondingly, on the level of fundamental groups, we define 

Hi := im7ri(/i) C 7Ti(M,m), 
H 2 := im7Ti(/ 2 ) C 7Ti(M,m), 
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and 

H[ := tti(Si x {s 2 }, (si, s 2 )) C 7Ti(5i x #2, (si, s 2 )), 
H' 2 := tti({si} x Sa, (si,s 2 )) C tti(Si x £2, (si,s 2 )). 

Finally, G := im7Ti(/) C 7Ti(M,m). 

3.2. The scene on the level of fundamental groups. As indicated in the introduc- 
tion, we now analyse the corresponding scene on the level of fundamental groups: 

(1) The group G has centralisers in C and G has finite index in tti(M). 

Proof. Centralisers in G are subgroups of centralisers in tti(M), and hence are 
subgroups of groups in C . Because C is closed with respect to taking subgroups, 
the group G has centralisers in C. 

Furthermore, G has finite index in iti(M): Let p: M — > M be the cover- 
ing associated with the subgroup G C tti(M); in particular, M is a manifold 
with dim M = dim M. By definition of G, covering theory provides us with a 
lift f : S\ x S2 — ► M of /, i.e., p o f = f. Because deg/ 7^ 0, applying top 
homology shows that M must be compact and deg / = degp- deg/. Therefore, 
the index 

[7ri(M):G] = |degp| 
must be finite. □ 

(2) The set Hi U Hi generates G, and H\ and H2 commute with each other. 

Proof. The inclusions H[ <— > 7Ti(5i x S2) and H' 2 ni(Si x S2) induce an 
isomorphism H[ x H' 2 = tt\{S\ x S2). In particular, iT-y(Si x ^2) is generated 
by H[\JH' 2 . Therefore 

H 1 UH 2 = n 1 {f){H' 1 UH 2 ) 

generates im7Ti(/), which coincides - by definition - with G. 

Because H[ and H 2 commute with each other in ni(Si x S2) = H[ x H 2 , 
it follows that also their images Hi and H2 under the homomorphism tt\ (/) 
commute. □ 

(3) The group G is a quotient of Hi x iJ 2 . 

Proof. Because Hi and H2 commute, there is a homomorphism Hi x H2 — ► G, 
which is surjective by part 2. Hence, G is a quotient of Hi x H2. □ 

(4) If Hi is large (in the sense of Definition (1.6)), then iJ 2 lies in C, and vice 
versa . 

Proof. If Hi is large, then there is an element g € Hi of infinite order, and hence 
part 1 implies that Ca(g) 6 G. On the other hand, i? 2 C Cc{g) by part 2. □ 

(5) // 7Ti (M) is large, then at least one of the groups Hi and H2 is large. 
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Si X S 2 



CSi xs 2 



Btti(5i x S 2 ) 



x BH 2 — ^4 BH X x BH 2 



B(H\ x HL) > B(Hx x H 2 ) 




->Btti(M) 



Figure (3.1): Proof of part 6 



Proof. In view of part 3 it suffices to show that G is large: If 7Ti (M) is large, 
we find an element g G 7Ti(M) of infinite order. Because G has finite index 
in 7Ti(M), there are m, n 6 N>i with 5™ ■ G = g n ■ G and m ^ n. Hence, 
g m ~ n g G. On the other hand, m-Ji^O implies that g 
I.e., G is large. 



" has infinite order. 

□ 



(6) XTie diagram in Figure (3.1) is commutative. In particular, there are homology 
classes ol\ € -ffdimSi {BH\) and a 2 G HdimS 2 (BH 2 ) satisfying 

H n (c M )(d ■ [M] R ) = H n {Tp)( ai x 02). 



Proof. We first explain the notation occurring in Figure (3.1): For a path- 
connected space X, we write : X — ► i?7ri(X) for the classifying map. Re- 
call that every homomorphism -0 : K' — > K of groups yields a continuous 
map Bip : BK' — ► BK that induces the given homomorphism ip on the level 
of fundamental groups; moreover, Bip is characterised uniquely up to homotopy 
by this property. 

The vertical homotopy equivalences in the centre of the diagram are induced 
by the projections/inclusions on the level of groups. The map tp' is induced by 
the canonical isomorphism H[ x H' 2 — ► "Ki(Si x S 2 ) given by the inclusions. 
Finally, for 93 we observe that the inclusions Hi — ► m(M) and H 2 — > ki(M) 
give rise to a homomorphism Hi x H 2 — > tti(M), because Hi and H 2 commute 
in G C wi(M); the map if is the continuous map induced by this homomorphism. 

It is a routine matter to verify that the diagram in Figure (3.1) is commutative 
up to homotopy. Hence, the corresponding diagram on the level of singular 
homology with R-coefficients is commutative. 

In the following, we abbreviate the composition of ip with the homotopy 
equivalence BH X x BH 2 — > B{H X x H 2 ) by Tp: BHi x BH 2 — > Btti(M). 
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Using the naturality of the home-logical cross-product, we obtain in singular 
homology with R-coefficients the relation 

H n (c M )(d ■ [M] R ) = H n (c M ) o H n x S 2 ] R ) 

= H n {c M )°H n (f)([S 1 ] R x [5 2 ] R ) 

= H n (ip) o H n (B7ri(/i) x S7ri(/ 2 ) ° c 8l x c Sa )([5i x 5 2 ] R ) 
= if„ (^)(ai x a 2 ), 

where we put ay := H dimSj (Bn^fj) oc s .)([^] H ) for j G {1,2}. □ 

3.3. Completing the proofs. Using the facts on the groups Hi and H2 established 
in the previous section, we can finish the proofs of Theorem (1.4) and (1.5): 

Proof (of Theorem (1.4))- By hypothesis, the manifold M is aspherical; in particular, 
7Ti(M) is torsion-free and non-trivial (because dimM > 0) and hence any non-trivial 
subgroup of 7Ti (M) is large. 

If Hi were trivial, then ot\ = in part 6, which would show that H n (cM){[M]n) = 0. 
However, M is aspherical and therefore, cm is a homotopy equivalence. Analogously, 
H2 cannot be trivial; i.e., H\ and Hi are large. 

Therefore, we obtain from part 4 that H\ and H2 lie in C . Using part 3 and the fact 
that C is closed with respect to taking finite products, subgroups, and quotients, we 
deduce that G is in C . Furthermore, G has finite index in iri(M) by part 1. □ 

Proof (of Theorem (1.5)). By hypothesis, 7Ti(M) is large and ||M|| > 0. Assume that 
the fundamental class of M can be represented by a product of manifolds; thus, the 
observations of Section 3.2 apply. 

By part 5, we may assume that Hi is large and hence that H2 is amenable (part 4). 

We now apply the ^-semi-norm to the equation of part 6. At this point, we rely on 
the following classic results on the ^-semi-norm: 

- The homomorphism H n (cm)' H n (M) — > H n (Bir 1 (M)) is isometric with re- 
spect to the ^-scmi-norni by the mapping theorem in bounded cohomology [2, 7; 
p. 40/18, Theorem 4.3]. 

- The ^-semi-norm on connected, countable CW-complexes with amenable fun- 
damental group is zero in non-zero degree [2, 7; p. 40/18, Theorem 4.3]. 

- The standard triangulation of products of simplices shows that the £ -semi-norm 
is compatible with the homological cross-product in the following sense: For all 
spaces X, Y and all a £ Hk (X), (3 € Hg (Y), we have 

||ax / 3|| 1 <2 fc+f .|| a || 1 .|| / 3|| 1 . 

- The ^-semi-norm is a functorial semi- norm, i.e., the map H n (Tp) does not 
increase the ^-semi-norm. 
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Since H2 is countable, there exists a countable CW-model of BH2. Because H2 is 
amenable, the properties of || • 1^ listed above and part 6 imply that 

W\\ = • \\H n {c M ){d- [MJr)^ = • ||fl"„(^)(ai x a 2 )\\ 1 

on 

< -nr -Klk-llaall! 
= 0, 

which contradicts the hypothesis that the simplicial volume ||M|| of M is non-zero. □ 
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